
776 Speeialia ~'.XPERIENTIA XXlI / l l  

wi th  7/(0) = A(O), in compar ison wi th  Eq.  (20), i t  m a y  
be unders tood tha t  a sort  of Langev in  equa t ion  including 
f luc tua t ing  t e r m  appears  af ter  r emoving  the  project ion 
opera tor  in Eq .  (25) to furnish wi th  a kind of causal i ty.  

Final ly,  i t  m a y  be shown t h a t  a generalized relat ionship 
of Eins te in  and Nerns t  ~s established as an Abel  l imit  of 
Eq.  (14) wi th  Eq.  (15). 

I n  the  l imi t  of s --~ + 0 of Eq.  (14), the  following 
equat ion  is obta ined:  

oo 

l im / d t  e x p ( - -  s t) {Tr 0 A+(0) A(t)} 
s--* + 0 

oo 

= j d t  e x p ( - -  t/T){Tr Q A+(0) A(0)}, (26) 
0 

where 
T = { - i P ~ * + ~ , t }  -1 

~st is noth ing  bu t  a f r ic t ion coefficient in a s t a t ionary  
Markoff ian process, and 

oo 

~st = l im f dtexp (-- s t ) { r r 0 3 + (  0 )3(t)} 
s - - ~ +  0 0 

Because of • (Tr oA + A) -1 

- -  i P o~* = ( T r  0 A +  A ) - I .  { T r  0 A'+(0) A(0)}, 
Eq.  (26) becomes a general ized Eins te in-Nerns t  re lat ion 
of 

(Tr ~ A+ A)/z = Tr q 3+(0) A(0) 
o o  

+ l im j d t e x p ( - -  st){Tro3+(O) ~(t)}. (27) 
s - * + 0  0 

For  example,  according to Langevin ' s  formalism, the  
equa t ion  of mot ion  of a Brownian  particle,  whose mass is 
m, the  m o m e n t u m  p, is wr i t ten  as 

dp/dt = -- ~(p/m) + 3(0, 

where the p roper ty  of dissipat ion is due to the  first t e rm 
on the  r igh t -hand  side, and the  second t e rm is a fluc- 
tua t ing  force. Because of the  m o m e n t u m  re laxa t ion  
t ime  zp = m/~, the  E ins te in -Nerns t  re la t ion leads to 

(Tr q p~) /Tp = m k T/z~ 
o o  

= l i m  / d t e x p ( - -  st){Trq3(O) ~(t)}, 
s - + 0  

0 

which is usual ly  wr i t ten  as 

m/rp = r = (1/k r ) J  dt{rr 0 3(0) ~(t)}. 
0 

Here,  i t  is ev iden t  t h a t  the phase-space d is t r ibut ion  
funct ion in equi l ibr ium has been used in place of q u a n t u m  
dens i ty  matr ix ,  and also an in tegra l  referring to  the  e le -  
m e n t a r y  vo lume  of the  phase space was t aken  instead of 
a t race of a matr ix ,  Tr. 

In  this  article, we have  der ived several  equat ions  
h a v i n g  wide ranges o f  va l id i ty  and applicabil i ty,  f rom 
Heisenberg 's  equa t ion  of mot ion  in q u a n t u m  mechanics  
wi th  Zwanzig 's  technique  of projec t ion  opera tor  5. 

Zusammen/assung. Die Gleichung yon Langev in  wurde 
mi t  Hilfe der Zwanzigschen Methode von  Projekt ions-  
opera tor  aus der  quan tenmechan ischen  Bewegungsglei-  
chung yon  Heisenberg  gefiihrt, die al lgemein als Grund-  
gleichung der  Brownschen Bewegung gilt. Zum Deft-  
v ieren der  Gleichung, ist  es notwendig,  eine Defini t ion 
fiir P ro jek t ionsopera tor  P mi t  e inem stat is t ischen 
Operator  ~ aufzunehmen,  das ist :  

P A( t ) - -  (A(O), Q A(O))-X . (A(O), o A(t))  A(O) 

= {Spur Q A+(0) A(0)}-~ �9 {Spur 0 A+(0) A(t)} A(0) 

= s(t)  A(0) ,  

wobei  (A' ,  A " )  ein inneres P roduk t  zwischen zwei Vek- 
toren A" und A "  ist. Die Zeitver/~nderlichkeit  einer 
Observablen A im Heisenberg-Bi ld  gegeben ist :  

A(t) = exp( i  t H/h) A(0) e x p ( - -  i t H/h); mit  h = hi2 z~, 

~(t) = {Spur 0 A+(0) A (0)} -1.  {Spur 0 A+(0) A (t)}, 

A+ zeigt den ad jungie r ten  Opera tor  yon A, und 

(i/h)[(1 --  P) H ,  ~(t)] = 0. 

Hierauf  (1 --  P)  ist  der  o r thogona lkomplementa le  Pro- 
jek t ionsopera tor  zu P.  
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